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1. INTRODUCTION
The purpose of this paper is to investigate the behavior of Buchsbaum
associated graded modules with respect to -primary ideals. In particular,
we shall mainly discuss the case where the reduction numbers of such
-primary ideals are at most one.
Ž .Let A, be a Noetherian local ring and let E be a finitely generated
A-module of dimension s 0. For simplicity, we always assume that the
residue field A of A is infinite. For an ideal  of A, we denote by
Ž .G E the associated graded module of E with respect to  , namely,
G E   nE n1E.Ž . 
n0
Ž .In the case where E A, we denote it by G  simply. Moreover, 
Ž .denotes the unique homogeneous maximal ideal of G  , i.e., 
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Ž . Ž .G  G  . To avoid complicated terminologies, we simply say that
Ž . Ž . Ž .‘‘G E is a Buchsbaum G  -module,’’ if the localization G E is so  
Ž .over G  .
 Recently, after the studies by S. Goto G1G3 , the subject of Buchs-
baum associated graded modules has made remarkable progress. In 1998,
 Y. Nakamura N gave us the necessary and sufficient condition for the
associated graded rings of -primary ideals, whose reduction numbers are
 at most one, to be Buchsbaum. Moreover, in 1999, S. Goto G4 introduced
a new notion, called -primary ideals of minimal multiplicity, and studied
the Buchsbaumness of the Rees algebras and also the associated graded
rings of such ideals of minimal multiplicity. After that, the second author
 Y2 proved statements similar to those given by Nakamura above, but in
which he does not need any hypotheses about the reduction numbers of
-primary ideals. Namely, he showed the following: let E be a Buchsbaum
Ž .A-module of dimension s, let  be an ideal of A such that l EE  A
Ž .i.e., the ideal Ann E is an m-primary ideal of A , and let A
Ž . r1a , a , . . . , a be a parameter ideal of E such that 	  and  E1 2 s
 rE for some integer r 0; then the following three conditions are
Ž . Ž . Ž . iŽ Ž ..equivalent: i G E is a Buchsbaum G  -module such that h G E  
i  Ž . Ž . Ž Ž .. Ž . Ž . h E for all 0
 i s; ii the equality G E  E holds; and iii 
Ž 2 2 2 . n Ž 2 2 2 . n2the equality a , a , . . . , a E  E a , a , . . . , a  E holds for 31 2 s 1 2 s
Ž . iŽ . Ž iŽ Ž ...
 n
 s r and hence for all n  . Here h E resp. h G E
Ž Ž ..denotes the length of the ith local cohomology module of E resp. G E ,
i i Ž . Ž Ž .. Ž .i.e., h E  l H E , and E denotes an invariant of E defined asA  
s1
s 1 i E   h E ,Ž . Ž .Ý ž / i
i0
where, recall, s dim E.A
However, in the case where the reduction numbers of -primary ideals
are very small, especially at most one, it may be hoped that there are some
i Ž Ž ..nice relations between the local cohomology modules H G E of 
Ž .G E and the structures of given ideals . Let us recall a few more
Ž Ž .. Ž . Ž  .notations. We denote by a G E the a-inariant of G E see GW , as 
sa G E max n   H G E  0 ,Ž . Ž . Ž . 4Ž . Ž .   n
 where  means the homogeneous component of degree n of any gradedn
modules. Let  still be a parameter ideal of E such that 	  and
 r1E  rE for some integer r 0. Then, for convenience, we call such
an ideal  a minimal reduction of  with respect to E, and call the least
Ž .integer among such r and  the reduction number of  with respect to
   Ž .E; see NR . According to N, Theorem 1.1 , in the case where the
reduction number of  is at most one, i.e., the equality  2E E holds
Ž .for some and hence any minimal reduction  of  with respect to E, the
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Ž .Buchsbaum property of G E indicates some concentrations on the
appearances of homogeneous components of the local cohomology mod-
Ž .ules of G E as follows,
iH G E  0 for ni , 1 i 0
 i s ,Ž . Ž . Ž .Ž .  n
and
a G E 
 1 s ;Ž .Ž .
Ž .see Proposition 3.4 for the details.
So we are here very interested in the following problem.
Ž .Problem. Suppose that G E is a Buchsbaum module and the reduc-
tion number of  with respect to E is at most one, i.e.,  2E E holds.
Ž .If the local cohomology modules of G E have particular concentrations
Žon the appearances of their homogeneous components for example,
 i Ž Ž .. Ž . Ž . .H G E  0 for n 1 i resp. ni , where 0
 i s , then  n
can we determine the structure of such given ideals ?
In order to describe our results, we need one more notation. Let
Ž . a , a , . . . , a still be a parameter ideal of E; then we define an1 2 s
Ž .A-submodule of E, say  ; E , as
s 
  ; E  a , . . . , a , . . . , a E : a  E.Ž . Ý Ž .1 i s i
i1
Ž .Since E is Buchsbaum, this definition of the submodule  ; E is
determined by only the given ideal  , and is independent of the particular
choice of a generating system a , a , . . . , a for .1 2 s
Then the main results in this article are stated as follows.
THEOREM 1.1. Let E be a Buchsbaum A-module of dimension s and let 
Ž .be an ideal such that l EE  . Then the following two statements areA
equialent.
Ž . Ž . Ž .  i Ž Ž ..1 G E is a Buchsbaum G  -module such that H G E    n
Ž . Ž . Ž Ž ..0 for n 1 i 0
 i s and a G E 
 1 s.
Ž . Ž .2 Some resp. eery parameter ideal  of E such that 	 
2 Ž .satisfies  E E and  ; E 	 E.
  sŽ Ž .. Ž .  Ž Ž .. When this is the case, one also has G E  E and H G E   1s 
Ž . E ; E .
Ž .THEOREM 1.2. Under the same situation as in Theorem 1.1 , the follow-
ing two statements are equialent.
Ž . Ž . Ž .  i Ž Ž ..1 G E is a Buchsbaum G  -module such that H G E    n
Ž . Ž . Ž Ž ..0 for ni 0
 i s and a G E 
 1 s.
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Ž . Ž .2 Some resp. eery parameter ideal  of E such that 	 
2 Ž .satisfies  E E and E  ; E  E.
  sŽ Ž .. Ž .  Ž Ž .. When this is the case, one also has G E  E and H G E   1s 
 EE.
Ž . Ž .As a consequence of our Theorems 1.1 and 1.2 , we directly have the
following corollary.
Ž .COROLLARY 1.3. Under the same situation as in Theorem 1.1 , suppose
Ž Ž .. Ž . Ž .a G E 
s. Then G E is a Buchsbaum G  -module such that 
 i Ž Ž .. Ž . Ž .H G E  0 for n 1 i resp. ni and 0
 i s if and  n
2 Ž . Ž .only if  E E and E  ; E hold resp. E E holds for
some parameter ideal  of E such that 	 .
Ž . Ž . Ž .We mention that the implication from 2 to 1 in Theorem 1.1 was
 already given by Y. Nakamura N, Corollary 1.2 . We note that there exists
Ž .an example of -primary ideal  of a Buchsbaum ring A such that G 
is Buchsbaum but  does not satisfy the conditions described as in our
Ž . Ž . Ž .Theorems 1.1 and 1.2 . Namely, let  a , a , . . . , a be a parameter1 2 d
ideal of a Buchsbaum ring A of dimension d 2, and consider
 a :   a :    a :  .Ž . Ž . Ž .1 2 d
2 Ž .Then  is an -primary ideal of A such that    and G  is a
Buchsbaum ring, but  does not satisfy the conditions described as in
Ž . Ž . Ž .Theorems 1.1 and 1.2 above, because     holds; see Section 2
Ž .and Example 3.8 for the details. This is a natural generalization of the
 example given by Y. Nakamura N, Example 4.5 for dim A 3. We
mention that, however, our statement does not need such assumption on
dimension. Finally, in Section 3, after recalling basic facts on reduction
  Ž . Ž .numbers discussed in T , we shall prove Theorems 1.1 and 1.2 . Also we
shall discuss further examples concerning our theorems.
2. PRELIMINARIES
This section shall be devoted to discussing some interesting behaviors of
unconditioned strong d-sequences.
Ž .Until Lemma 2.8 , let A be a commutative ring and let E be an
Ž .A-module. A sequence a , a , . . . , a s 0 of elements in A is said to be1 2 s
Ž  .a d-sequence on E see H if the equality
 E : a a   E : ai1 i j i1 j
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Ž . Ž .holds for 1
 i
 j
 s, here put   a , a , . . . , a and   0 ;i1 1 2 i1 0
and moreover, it is said to be an unconditioned d-sequence on E if it is
still a d-sequence on E in any order.
Ž  .DEFINITION 2.1 see GY . We will say that a , a , . . . , a form an1 2 s
Ž . n1 n2 n sunconditioned strong d-sequence u.s. d-sequence on E if a , a , . . . , a1 2 s
form a d-sequence on E in any order for every integer n , n , . . . , n  0.1 2 s
We need two more notations which are very useful to describe our
remarks on u.s. d-sequences. For a system of elements in A, say a , a ,1 2
Ž .. . . , a , we define an A-submodule  a , . . . , a ; E of E ass 1 s
s 
 a , . . . , a ; E  a , . . . , a , . . . , a E : a  a , . . . , a E,Ž . Ž .Ý Ž .1 s 1 i s i 1 s
i1
where the hat on a means to omit this element a from the systemˆ i i
a , a , . . . , a . In the case where E A, we usually omit the letter E,1 2 s
Ž .  writing  a , . . . , a . Moreover, let i, j be integers. We denote by i, j the1 s
 set of integers n such that i
 n
 j. Of course, i, j  if i j.
We here collect several basic facts on unconditioned strong d-sequences;
 cf. GY, Sect. 2 . Let a , a , . . . , a be an unconditioned strong d-sequence1 2 s
Ž .on E. Then, for any positive integers m , n 1
 i
 s , the equalityi i
s
m n m n m n n1 1 s s i 1 sa , . . . , a E : a   a , . . . , a ; E 2.2Ž .Ž . Ž .Ł1 s i 1 s
i1
Ž .holds. Moreover, putting  a , a , . . . , a , we also know that the equal-1 2 s
ity
ani  i I E  nE ani nni E 2.3Ž .Ž . Ýi i
iI
  Ž . Žholds for all I	 1, s , n  0 and n . In fact, the assertion 2.2 resp.i
Ž ..   Ž2.3 is given in the same way as in the proof of Y1, Lemma 1.2 resp.
 Ž ..  Ž . Ž .G2, Corollary 1.2 , and see also GY, Theorems 2.3 and 2.6 for more
explicit statements.
 4Let  be an ideal of A. A family F of A-submodules of E isn n
called an -filtration of E if F  F  F for all n and F  E. Thenn n1 n 0
we begin with the following.
Ž  Ž ..LEMMA 2.4 see Y2, Proposition 2.5 . Let a , a , . . . , a form an1 2 s
Ž .unconditioned strong d-sequence on E and put  a , a , . . . , a . Let1 2 s
 4F be a -filtration of E. Then the following two statements are equia-n n
lent.
Ž . Ž ni . ni1 The equality a  i I E F Ý a F holds for all I	i n i I i nni 1, s , n  0 and n .i
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Ž . Ž 2 2 2 . Ž 2 2 2 .2 The equality a , a , . . . , a E F  a , a , . . . , a F holds1 2 s n 1 2 s n2
for all n 3.
The next result gives us a new example of filtrations satisfying the
Ž .equivalent conditions in Lemma 2.4 .
THEOREM 2.5. Let a , a , . . . , a , where s 2, be an unconditioned1 2 s
Ž .strong d-sequence on E and put  a , a , . . . , a . Let F be the A-sub-1 2 s
module of E defined by
     F a E :   a E :    a E :  .1 2 s
 4 n1Then the -filtration F of E, defined by F   F for n 1 andn n n
Ž .F  E for other n, satisfies the equialent conditions in Lemma 2.4 ; i.e.,n
the equality
ani  i I E  nF ani nni F ani EŽ . Ý Ýi i i
 iI iI
    4holds for all I	 1, s , n  0 and n , where I  i I  n 
 n andi i
  4I  i I  n  n .i
Ž .Proof. By Lemma 2.4 , it is enough to show that
a2 , a2 , . . . , a2 E  nF	 a2 , a2 , . . . , a2  n2FŽ . Ž .1 2 s 1 2 s
holds for all n 2.
 For a subset I	 1, s , we write a Ł a . Of course, we set a  1.I i I i 
n Ž 2 2 . n2Now we may assume that 2
 n
 s. Since   a , . . . , a  1 s
Ž 	 	 .a  I  n , we haveI
a2 , a2 , . . . , a2 E  nF a2 , a2 , . . . , a2  n2FŽ . Ž .1 2 s 1 2 s
 a2 , a2 , . . . , a2 E a F .Ž . Ý1 2 s I½ 5
	 	I n
By the definition of F, we see
s
a F a a E :  .Ý Ý ÝI I j
	 	 	 	 j1I n I n
   Since the equality a a E : a  a a E : a holds for 1
 i, j
 s, we eas-i j i j i j
ily get the following claim.
Ž .   2 n2CLAIM 2.6. 1 a a E :  	 a  F holds if j I.I j j
Ž .  4  42 For any j I, k J, such that I j  J k , the equality
 a a E :   a a E : I j J k
holds.
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Ž . Ž .By 1 of Claim 2.6 , our assertion is obvious for the case n s. So we
Ž . Ž . Ž .further assume that 2
 n s. By 1 and 2 of Claim 2.6 , we have
a2 , a2 , . . . , a2 E  nF a2 , a2 , . . . , a2  n2FŽ . Ž .1 2 s 1 2 s
2 2 2 a , a , . . . , a E a a E :  ,Ž . Ý Ý1 2 s I j½ 5
	 	 jII n
where we denote by j I if j i for all i I.
Ž 2 2 2 .  Now choose any element x a , a , . . . , a EÝ Ý a a E :  ,1 2 s 	 I 	n j I I j
and express it as
x a x ,Ý Ý I I j
	 	 jII n
 where x  a E :  for each j I. We claim the following.I j j
Ž . CLAIM 2.7. x  a E 0 :  .I j j E
Ž .Proof of Claim 2.7 . After relabeling among a , a , . . . , a , we may1 2 s
 4    assume I j  1, n 1 . Then j 1 and I 2, n 1 clearly. Put
 K  n 2, s . We know
a a x  a2 , a2 , . . . , a2 EŽ .K J J k 1 2 s
 4    4  for every J, k such that J k  1, n 1 . In fact, if J k  1, n 1 ,
Ž  4.then K J k , and hence K J or k K. If K J,
this is obvious, and if k K , it is clear that
    2a a x  a a a E :   a a a a E :  	 a EK J J k K J k K J l4 k l k
Ž .for some l J by Claim 2.6 . From the expression of x as the above, we
have
a a x  a x a a x  a2 , a2 , . . . , a2 E.Ž .ÝK I I1 K K J J k 1 2 s
 4  J k  1, n1
   Since K 1, n 1  1, s , we obtain that
a a  a x  a a a x  a3 , a2 , . . . , a2 E.Ž .1 2 s I1 1 K I I1 1 2 s
Ž . Ž 2 . Ž 2This implies by 2.2 that x   a , a , . . . , a ; E . Since  a , a , . . . ,I1 1 2 s 1 2
. Ž .  Ž .a ; E is contained in a E a , . . . , a E :  by Lemma 2.8 below, wes 1 2 s
consequently see that
 x  a E :   a E a , . . . , a E :  	 a E 0 :  .Ž . Ž .Ž .I1 1 1 2 s 1 E
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Ž . n1By Claim 2.7 , the element x is contained in  E from the expres-
sion of x as the above, and this implies
x a2 , a2 , . . . , a2  n1E	 a2 , a2 , . . . , a2  n2FŽ . Ž .1 2 s 1 2 s
Ž . Ž .by formula 2.3 . Therefore, this completes the proof of Theorem 2.5 .
Now we need to show the following lemma.
Ž .LEMMA 2.8. Let a , a , . . . , a s 2 be an unconditioned strong1 2 s
d-sequence on E. Then the following statements are true.
Ž .   Ž .  Ž . 1 a E : a  a , . . . , a E : a  a a , . . . , a E : a 1 s 2 s 1 1 2 s 1
Ž . 0 : a holds.1
Ž . Ž n . n1 Ž . 2  a , a , . . . , a ; E 	 a E a , . . . , a E : a holds for1 2 s 1 2 s 1
n 2.
Ž .Proof. 1 Use induction on s. In the case where s 2, our assertion is
 obvious; cf. G2, Claim on p. 521 . Now let us assume that s 3 and that
our assertion is true for s 1. Let x be an element of E such that
  Ž . x a E : a  a , . . . , a E : a . Namely, we have expressions a x1 s 2 s 1 s
a y and a x a y  a y with y  E for each i. Then we know1 1 1 2 2 s s i
a2 y  a a x a a y  a a y  a2 y .1 1 1 s 2 s 2 s1 s s1 s s
Ž 2 . 2 Ž 2 .Since a , a , . . . , a E : a  a , a , . . . , a E : a by the u.s. d-se-1 2 s1 s 1 2 s1 s
quence property, there exist elements z , . . . , z  E such that a y 1 s1 s s
a2 z  a z  a z . By the u.s. d-sequence property again, it is1 1 2 2 s1 s1
Ž .easy to check that z  a , . . . , a E : a and1 2 s 1
 x a z  a E : a  a , . . . , a E : a .Ž .1 1 1 s1 2 s1 1
Applying the hypothesis of induction on s, we finally get the required one.
Ž .  2 This is a special form of Goto’s Lemma; cf. SV, Chap. II, p. 139 .
Now we shall close this section with the following result, which is our
goal in this section. Namely,
PROPOSITION 2.9. Let A be a Buchsbaum ring of dimension d, let  be an
Ž .-primary ideal of A, and let  a , a , . . . , a be a minimal reduction of1 2 d
. Suppose that one of the following three statements holds:
Ž . 2 Ž .i    and    ;
Ž . 2 Ž .ii    and     ;
Ž . Ž .  Ž .  Ž . iii  a :   a :    a :  .1 2 d
Then the equality
ani  i I   n ani nniŽ . Ýi i
iI
 holds for all I	 1, d , n  0 and n .i
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Ž . Ž . Proof. The assertions i and ii are already given in Y2, Theorem
Ž . Ž . Ž .2.8 . The last one iii immediately follows from Theorem 2.5 above,
because it is easy to check that the equality  2  holds.
3. PROOFS OF MAIN RESULTS
Ž . Ž .In this section, we shall prove our main results, Theorems 1.1 and 1.2 ,
and moreover, we shall give some examples concerning them.
First of all, we recall some basic facts concerning the reduction numbers
Ž .of ideals. Let S S be a Noetherian graded ring such that S , n 0n 0
 is an Artinian local ring and S S S . Here we also assume that the0 1
residue field S  is infinite. Moreover, we denote by  S S the0 
unique homogeneous maximal ideal of S.
For a graded S-module V V not necessarily finitely generated,nn
Ž . Ž .we denote by t V the largest integer n such that V  0 , namely,n
t V max n   V  0 . 4Ž . Ž .n
Ž . Ž .In particular, we regard t V  when V 0 . For a short exact
sequence of graded S-modules 0 V  V V  0, we obviously get
the equality
t V max t V  , t V  . 4Ž . Ž . Ž .
   Moreover, recall the definition of a-invariants GW ; see also T . Let
W W be a finitely generated graded S-module of positive dimen-nn
Ž .sion s. We define the ith a-inariant of W, say a W , asi
i ia W max n   H W  0  t H W .Ž . Ž . Ž . Ž . 4 Ž .i  n
Ž . Ž .We sometimes write a W instead of a W , where s dim W, and call its S
the a-invariant of W.
Now we discuss several important relations between the ith a-invariants
and the reduction numbers. Let f , f , . . . , f be a system of parameters1 2 s
Ž .for W consisting of linear forms homogeneous elements of degree 1 in S
Ž .and put  f , f , . . . , f . Then, assuming W SW , we define the1 2 s 0
Ž .reduction number of S with respect to  and W, say r S , as  , W 
r S min r 0  Sr1WSr W .Ž .  4 , W   
Ž . Ž .Since l WW  , we know that t WW  . Moreover,S
LEMMA 3.1. Under the same notation W and  aboe, suppose that
W SW ; then one has the following statements.0
Ž . Ž . Ž .1 r S  t WW . , W 
Ž . Ž . Ž .2 a W 
 r S  s. , W 
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Ž .3 Suppose that f , f , . . . , f forms an unconditioned strong1 2 s
d-sequence on W. Then
t   ; W W max a W  i  0
 i s . 4Ž . Ž .Ž . i
Ž .Proof. Write t t WW .
Ž .1 Notice that W 	W for n t by our definition of t andn1 n
that S  Sn, W  SnW for n 0 by our assumptions. Thus we haven 1 n 1 0
t1 t Ž .S WS W and hence r S 
 t. The converse is shown in the   , W 
same way.
Ž . Ž . Ž .2 By the assertion 1 , we already know r S  t. Recall that , W 
s m m mH W  lim W f , f , . . . , f W ms ,Ž . Ž .Ž .Ž . 1 2 sm
Ž .where the notation  ms means the shift of graded modules of degree
nm st Ž m mms. Let n  t  s. Then  is contained in f , f , . . . ,1 2
m. Žnm s. tm mt m t Ž .f  clearly. Since S W S W for m 1 by 1 above,s  
we naturally have
s m m mH W  lim W f , f , . . . , f W  0 ,Ž . Ž .Ž . 1 2 sn nm sm
  Žnm s. t t Ž m m m. because W  S W  f , f , . . . , f W holds.nm s 1 0 1 2 s nm s
Ž .Thus we finally get a W 
 t s.

Ž . Ž .3 Write   f , . . . , f , . . . , f for each j. Notice thatj 1 j s
s1 s1 W : f Ž .j j 0 i iH W W  H W i ,Ž . Ž .Ž . Ž . j  W i0j
as graded S-modules, because f , f , . . . , f forms a u.s. d-sequence on W.1 2 s
Thus we get
t H 0 W W max a W  i  0
 i s . 4Ž .Ž .Ž . j i
Consider the graded S-linear map
s  W : f   ; WŽ .j j  ,
 W Wj1 j
Ž . sinduced by the map  ,  , . . . ,  Ý  , for   W : f . It is1 2 s j1 j j j j
easy to see that this S-linear map is well defined and surjective, and hence
t   ; W W 
max t H 0 W W  1
 j
 sŽ .Ž . Ž .½ 5Ž . j
max a W  i  0
 i s . 4Ž .i
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  Ž .On the other hand, since  W : f  W	  ; W W holds, wej j j
immediately get the opposite inequality, and therefore this completes the
Ž .proof of Lemma 3.1 .
Moreover, we have the following.
Ž    . Ž .PROPOSITION 3.2 see G3 , T . Let W and  f , f , . . . , f be the1 2 s
Ž .same as in Lemma 3.1 aboe. Suppose that W SW and that f , f , . . . , f0 1 2 s
forms an unconditioned strong d-sequence on W. Then the following state-
ments hold.
Ž .  i Ž . Ž .  1 For each 0
 i s, one has H W  0 for n i, t i n
Ž   . Ž .resp. n 1 i, t i if S is a field , where we put t t WW .0
Ž . Ž .  Ž . 42 r S max a W  i  0
 i
 s . , W  i
Ž . Proof. 1 The case where S is a field was already given by G3,0
Ž .Lemma 4.6 . Since f , f , . . . , f forms a u.s. d-sequence on W, we have1 2 s
s1 s1 : f Ž .s s i iWW  H W i ,Ž . Ž .Ž .  i0s
Ž .   Ž .  where we put   f , f , . . . , f . Since WW  0 for n 0, t ,s 1 2 s1 n
we get our assertion at once.
Ž .  Ž .2 This was already given by T, Corollary 3.5 . However, we here
show it in an easier way than the original one. Namely, look at the short
exact sequence of graded S-modules as follows:
0   ; W WWWW  ; W  0.Ž . Ž .
Then we have
t WW max t   ; W W , t W  ; W . 4Ž . Ž . Ž .Ž . Ž .
Ž .By Lemma 3.1 , we naturally get
r S max a W  i  0
 i
 s . 4Ž . Ž . , W  i
Ž Ž ..Ž . s Ž .On the other hand, notice that W ; W s H W as graded
S-modules, because f , f , . . . , f forms a u.s. d-sequence on W. Thus1 2 s
Ž Ž .. Ž . Ž .t W ; W 
 a W  s, hence we immediately get the opposite by 3
Ž . Ž .of Lemma 3.1 . Thus Proposition 3.2 is now established.
Ž .From now on until the end of this section, A, is a Noetherian local
ring and E is a Buchsbaum A-module of dimension s 0. We still
assume the residue field A is infinite. Let  be an ideal of A such that
Ž .l EE  , namely, Ann E is an -primary ideal of A. LetA A
Ž . a , a , . . . , a be a minimal reduction of  with respect to E, i.e., 1 2 s
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is a parameter ideal of E such that   and  r1E  rE for some
Ž .integer r 0; see Section 1. We denote by r  the least one among , E
such integer r 0 and sometimes call it the reduction number of  with
respect to  and E. In the case where E A, we usually omit the letter E
Ž . Ž .from r  , writing r  . , E 
Ž . Ž . Ž .We write GG  and G E G E for simplicity. Moreover, we
2 2  denote by h the initial form of a ; i.e., h  a mod     G , fori i i i 1
Ž . Ž .each i. Put Q h , h , . . . , h G. Then, by Nakayama’s lemma and 1 of1 2 s
Ž .Lemma 3.1 , we have
Ž . Ž Ž . Ž .. Ž .LEMMA 3.3. r   t G E QG E  r G . , E Q, G Ž E . 
Moreover,
Ž .PROPOSITION 3.4. Suppose that G E is a Buchsbaum G-module and the
equality  2E E holds. Then
Ž .  i Ž Ž .. Ž .1 For each 0
 i s, one has H G E  0 for ni, 1 i. n
In particular,
0 n n1 n1H E   E   E E, n 0, 1,Ž .Ž .0H G E Ž .Ž . n ½ 0 , else.Ž .
Ž . Ž Ž ..  s Ž Ž ..2 a G E 
 1 s, and moreoer, H G E  EE 1s
Ž . ; E hold.
 Ž Ž .. Ž . When this is the case, the equality G E  E holds, and hence
 
iŽ Ž .. iŽ .h G E  h E for each 0
 i s.
Ž . Ž Ž .. ŽProof. The assertion 1 and the inequality a G E 
 1 s and also
.  Ž .the last part of our proposition are explicitly given by N, Theorem 1.1 ;
Ž . Ž .see also Proposition 3.2 and Lemma 3.3 .
Ž . m m m mSo we show the rest of the assertion 2 . Put h  h , h , . . . , h . Recall1 2 s
s mŽ Ž .. Ž Ž . Ž . Ž ..Ž .that H G E  lim G E  h G E ms . Then, extracting the ho- m
mogeneous component of degree 1 s from this direct system, we have
canonical maps, say  and  , asm m
 m mm sG E QG E  G E  h G E  H G E ,Ž . Ž . Ž . Ž . Ž .Ž .Ž . Ž .1 1sm s 1s
3.4.1Ž .
where the map  is induced from the multiplication by Ł s hm1. Sincem i1 i
the equality  2E E holds by our assumption, we have the formulas
s
m sŽ1s. m m sŽ1s.m m1 E a  E a  E, 3.4.2Ž .Ž . Ł i
i1
m sŽ1s.1E	 am m sŽ1s.mE,Ž .
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for all m 1, where we put am am, am, . . . , am. Then we naturally get1 2 s
G E QG E  EE,Ž . Ž . 1
m m sŽ1s. m m sŽ1s.mG E  h G E   E a  E.Ž . Ž .Ž . Ž .Ž .m s 1s
Ž .These observations lead us from the system 3.4.1 above into the new one,
say again  and  , asm m

m sŽ1s.
 Em m sEE  H G E . 3.4.3Ž . Ž .Ž . 1sm m sŽ1s.ma  EŽ .
Notice that the map  is defined by the multiplication of Ł s am1. Bym i1 i
Ž .the formula 3.4.2 , we consequently know that all the map  is surjec-m
tive, and hence all  is so. Thus especially the map  is surjective. So itm 1
is enough to show that
Ker   E   ; E .Ž . Ž .1
Choose x E and denote by x the image of x into EE. Moreover,
Ž . Ž .assume that  x  0. Then  x  0 for some integer m large enough.1 m
s m1 Ž m. m sŽ1s.m Ž .Then Ł a  x a  E by 3.4.3 . This means Ker  	i1 i 1
Ž . Ž .E  ; E by the equality 2.2 in the preceding section. Conversely,
Ž .choose y E  ; E . Then
s
2 2 2 s1 2 2 2 s1a  y a , a , . . . , a E  E a , a , . . . , a  E,Ž . Ž .Ł i 1 2 s 1 2 s
i1
Ž . because G E is Buchsbaum by our assumption again; cf. N, Theorem
Ž .   Ž . Ž . Ž .1.1 , also Y2 . This implies  y  0, and hence  y    y  0.2 1 2 2
Thus we finally get the required isomorphism.
Now we are ready to prove our theorems.
Ž . Ž . Ž . Ž .Proof of Theorem 1.1 . 1  2 Assume that G E is a Buchsbaum
 i Ž Ž .. Ž . Ž . Ž Ž ..G-module with H G E  0 for n 1 i 0
 i s and a G E n
Ž Ž ..
 1 s. Then clearly a G E 
 1 i for 0
 i
 s, and hence we havei
r  max a G E  i  0
 i
 s 
 1 4Ž . Ž .Ž . , E i
Ž . Ž . 2by Propositions 3.2 and 3.4 . This means  E E. Putting  s1
Ž . Ž . Ž . Ž . Ž .a , . . . , a , we have G E  h , . . . , h G E G E E . Thus,1 s1 1 s1 s1
 E : as1 s 0 H G E EŽ .Ž . s1 0  E : a  Es1 s
0 H G E  h , . . . , h G EŽ . Ž . Ž .Ž . 1 s1 0
s1 s1Ž .
ii H G E  0 .Ž . Ž .Ž .Ž .  i
i0
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 This means  E : a 	 E. According to N, Lemma 4.1 , we finally gets1 s
Ž . ; E 	 E.
Ž . Ž .  2  1 This was already given by N, Corollary 1.2 . However, we
here show it once more in our way, which is much simpler than the original
one.
2 Ž .In fact, assume that  E E and E  ; E for a parameter
Ž .ideal  of E such that  . Then by Proposition 2.9 , these conditions
imply
a2 , a2 , . . . , a2 E  nE a2 , a2 , . . . , a2  n2EŽ . Ž .1 2 s 1 2 s
Ž . for 3
 n
 s 1. This naturally means that G E is Buchsbaum by N,
  Theorem 1.1 ; see also Y2 for more explicit statements on modules.
Ž . Ž .Finally, the rest of our assertions follow from 2 of Proposition 3.4 at
Ž .once, and this completes the proof of Theorem 1.1 .
Ž . Ž . Ž . Ž .Proof of Theorem 1.2 . 1  2 Assume that G E is a Buchsbaum
 i Ž Ž .. Ž . Ž . Ž Ž ..G-module and H G E  0 for ni 0
 i s and a G E 
 n
Ž Ž .. Ž Ž ..1 s. Since a G E 
i for 0
 i s and a G E 
 1 s, we havei
r  max a G E  i  0
 i
 s 
 1 4Ž . Ž .Ž . , E i
Ž . Ž . 2by Propositions 3.2 and 3.4 . This means  E E. Moreover, we
claim the following.
 Ž Ž .. Ž . Ž .CLAIM 3.5.  Q; G E QG E  0 for n 0.n
Proof of Claim. Consider the graded G-linear map, say  , as follows:

s h , . . . , h , . . . , h G E : h  Q ; G EŽ . Ž .Ž .Ž .1 i s i
 :  . QG EŽ .i1 h , . . . , h , . . . , h G EŽ .Ž .1 i s
It is easy to see that this map  is well defined and surjective. Since
Ž .h , h , . . . , h is a u.s. d-sequence on G E , we know, for each i,1 2 s

h , . . . , h , . . . , h G E : hŽ .Ž .1 i s i

h , . . . , h , . . . , h G EŽ .Ž .1 i s n

0 H G E  h , . . . , h , . . . , h G EŽ . Ž .Ž .ž / 1 i s n
s1 s1Ž .
ii H G E .Ž .Ž .Ž .  ni
i0
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 i Ž Ž .. Ž .Since H G E  0 for ni for 0
 i s, we obtain that n
  Q ; G E QG E  Im   0Ž . Ž . Ž .Ž . Ž .nn
Ž .for n 0. Thus our proof of Claim 3.5 has been completed.
Ž . Ž .Proof of Theorem 1.2 continued. We still assume G E is a Buchs-
2 Ž 2 2 2 .baum module and  E E holds. Then we have a , a , . . . , a E1 2 s
n Ž 2 2 2 . n2     E a , a , . . . , a  E for all n by N, Theorem 1.1 ; see also Y21 2 s
Ž .for explicit statements on modules. Choose any element x  ; E  E
2  Ž .and put g x mod  E G E . By the equality above, we see1
s
2 2 2 s1 2 2 2 s1a  x a , a , . . . , a E  E a , a , . . . , a  E,Ž . Ž .Ł i 1 2 s 1 2 s
i1
s Ž 2 2 2 . Ž .and hence this means Ł h  g h , h , . . . , h G E . Since h ,i1 i 1 2 s 1
Ž .h , . . . , h forms a u.s. d-sequence on G E , the element g must be2 s
Ž Ž ..contained in  Q; G E . Since deg g 1, we consequently get g
Ž . Ž . 2QG E by Claim 3.5 . Thus x E  E E, and finally we con-
Ž .clude that  ; E  E E.
Ž . Ž . 2 Ž .2  1 Assume that  E E and  ; E  E E for a
parameter ideal  of E such that  . Then these conditions mean
a2 , a2 , . . . , a2 E  nE a2 , a2 , . . . , a2  n2EŽ . Ž .1 2 s 1 2 s
 Ž . Ž .for 3
 n
 s 1; cf. Y2, Theorem 2.8 . Hence G E is a Buchsbaum
   module by N, Theorem 1.1 ; see also Y2 . The rest of our assertions also
Ž . Ž .follow from 2 of Proposition 3.4 and therefore this finishes the proof of
Ž .Theorem 1.2 .
Ž  . Ž .EXAMPLE 3.6 see N, Example 4.8 . Let A, be a normal local
domain with d 3 such that it is a homomorphic image of an excellent
regular local ring which contains a field of positive characteristic, and
further assume the residue field A is algebraically closed. Let 
Ž .a , a , . . . , a be a parameter ideal of A such that all a is a test element.1 2 d i

 Ž  We put   , where  is the tight closure of  see HH for the
.details . Then the following statements are true:
Ž .1 a , a , . . . , a form a u.s. d-sequence on A;1 2 d
Ž . 22 the equality    holds; and
Ž . Ž .3    holds;
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 Ž . Ž . Ž . Ž .see KY, 3.1 , 3.2 , 3.5 . Hence, by Theorem 1.1 , the associated graded
Ž .  i Ž Ž .. Ž .ring G  is a Buchsbaum ring such that H G   0 for n 1 i n
Ž . Ž Ž ..0
 i d and a G  
 1 d, if the given local ring A is so.
EXAMPLE 3.7. Let A be a Buchsbaum ring of dimension d 2, and let
x , x , . . . , x be a system of parameters for A. Put a  x 2 for each1 2 d i i
1
 i
 d and consider
d
 a , a , . . . , a , x .Ł1 2 d iž /i1
 Ž . Ž .Then, according to Y2, Example 4.10 and Theorem 1.2 , the following
statements are true:
Ž . Ž .1  a , a , . . . , a is a minimal reduction of  and the equality1 2 d
 2  holds;
Ž . Ž .2 the equality      holds; and
Ž . Ž .  i Ž Ž .. Ž .3 G  is a Buchsbaum ring such that H G   0 for n
Ž . Ž Ž ..ni 0
 i d and a G  
 1 d.
Ž .EXAMPLE 3.8. There exists an -primary ideal  such that GG 
i Ž .is a Buchsbaum ring, but whose local cohomology modules H G for
Ž .0
 i d do not satisfy the conditions stated in our Theorems 1.1 and
Ž .1.2 .
Ž .Namely, let A, be a Buchsbaum ring of dimension d 2 and let
Ž . a , a , . . . , a be a parameter ideal of A. Consider the -primary1 2 d
ideal  of A defined by
 a :   a :    a :  .Ž . Ž . Ž .1 2 d
Then we have the following.
Ž . Ž . 21 	 	   and    hold, hence  is a minimal reduc-
Ž .tion of  with r  
 1.
Ž . Ž .  Ž .  Ž .2 Write   a :    a :  and   a , . . . , a fori 1 i i 1 i
Ž .  Ž .1
 i
 d, and moreover, define   0 :  and   0 . Then0 0
l    h0 A  i  h1 A for 0
 i
 d.Ž . Ž . Ž .A i i
Ž .  i Ž . Ž .3 G is a Buchsbaum ring such that H G  0 for ni, 1 n
Ž . Ž . i 0
 i d and a G 
d.
Ž . i Ž . Ž . t Ž . Ž .4 Let d 3. Suppose H A  0 for 2
 i t and H A  0 
for some integer 2
 t d. Then, for i 0, 1, we have
iH A , n 1 i ,Ž .iH G Ž . n ½ 0 , else,Ž .
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i Ž . Ž .and H G  0 for 2
 i t, but for the t th local cohomology module
we have
tH A , nt ,Ž .tH G Ž . n ½ 0 , else.Ž .
Ž .Therefore, assuming the same hypotheses as in the assertion 4 , together
with depth A
 1, our -primary ideal  becomes a required example for
any dimension d 3.
Ž . Ž . 2 Ž .  Ž .  Ž . Proof. 1 Since a :   a a :  and a :   a :  i i i i j
Ž .  Ž .a a :  for any i j, the assertion 1 follows at once.i j
Ž . 0 Ž . Ž . Ž .2 Put UH A . We may assume i 2. By 1 of Lemma 2.8 ,
Ž .  Ž .we easily see a :    	 a U for 2
 i
 d. Hence we natu-i i1 i
rally have the short exact sequence
0       a :   a U 0.Ž . Ž .i1 i1 i i i i
By induction on i, we consequently get our assertion.
Ž . Ž . Ž . Ž .3 By Propositions 2.9 and 3.4 and by 	   as discussed
 i Ž . Ž .above, G is a Buchsbaum ring such that H G  0 for all ni, 1 n
Ž . Ž . i 0
 i d and a G 
d.
Ž . 4 Let  ,  be the same as the above. According to S, Propositioni i
Ž .3.3 , there exist A-isomorphisms such that
i  H A   :   Ž . Ž . i i
for each 0
 i d. Hence our assumption on the integer t implies
Ž . Ž . :     , where 1
 i t, and     . Moreover, using 1 ofi i t t
Ž .  Lemma 2.8 , it is easy to see that  :     . Thus, by Propositiont t
Ž .3.4 , this naturally implies
0H G h , h , . . . , h G  0 , where 0
 i t ,Ž . Ž .Ž . 1 2 i 0
and
0  H G h , h , . . . , h G   :   Ž .Ž . 1 2 t t0
  t  :    H A .Ž . Ž .t t 
iŽ . iŽ .Since G is a Buchsbaum ring with h G  h A for 0
 i d by the
Ž . Ž .assertion 3 above and Proposition 3.4 again, these observations finally
lead us to all the rest of our assertions.
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